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Complex phenomena incorporating several physical properties are abundant while they are occa-
sionally revealing the variation of power-law behavior depending on the scale. In this present work,
the global scaling-behavior of dynamical impact of solid sphere onto elastic surface is described. Its
fundamental dimensionless function was successfully obtained by applying the dimensional analysis
combined with the solution by energy conservation complementally. It demonstrates that its power-
law behavior is given by the competition between two power-law relations representing inertial and
elastic property respectively which is strengthened by scale size of sphere. These factors are suc-
cessfully summarized by the newly defined dimensionless parameters which gives two intermediate
asymptotics in different scale range. These power-law behaviors given by the theoretical model were
compared with experimental results, showing good agreement. This study supplies the insights to
dimensional analysis and self-similarity in general.
INTRODUCTION
In the field of mechanics of continua, including rhe-
ology, microfluidics and fluid mechanics, phenomena in-
corporating several physical properties are frequently ob-
served. Viscoelasticity exhibits both fluidity and solid-
ity while a dimensionless number called Deborah number
De = τ/T [1], which is defined as the ratio of relaxation
time of materials τ and observation time T , qualifies the
property. De 1 qualifies the material as the fluid while
De 1 leads to the qualification as solid [2]. Here note
that dimensionless numbers represent the proportion be-
tween properties or forces which govern the phenomena
(e.g. Reynolds number is the ratio between inertial force
and viscous force). In these two cases, the homogeneous
physical property can be assumed in each and the prob-
lems generally turn to be simple. However, the inter-
mediate scale range reveals characteristic behavior (e.g.
viscoelasticity for De ∼ 1), in which two physical prop-
erties are fundamentally mixed, turns to be complicated
problems that are occasionally difficult to be formalized
and conquered even though they are quite attractive and
important for mechanics of continua.
On the other hand, these phenomena can be under-
stood as intermediate asymptotics [3, 4], which are de-
fined as an asymptotic representation of a function valid
in a certain range of independent variables. They are
occasionally found as simple power-law relation through
dimensional analysis when some dimensionless parame-
ters are considered to be negligible. More or less all the
theories can be considered as intermediate asymptotics,
which are valid in the certain scale range [5]. This con-
cept is formalized by Barenblatt [2–4] with the method
of dimensional analysis, supplying the universal and co-
herent view on the physical theory and applications in
various area [6–9]. This methodology is expected to be
effective for the complex problems involving plural physi-
cal properties though the scale range in which dimension-
less number takes extremely large or small are focused.
The method is not always applicable and limited to some
extent, particularly in the case where problems turn to
be self-similar solutions of second kind. Self-similar solu-
tion of second kind is the problem of which dimensionless
parameters have power-law behaviors and generally these
behaviors cannot be clarified within dimensional analysis
but occasionally deduced by some technical manners such
as renormalization group theory or method for nonlinear
eigenvalue problems.
The present work focuses on the intermediate scale
range of dimensionless parameters in which several phys-
ical properties are incorporated, based on the concept
of dimensional analysis and intermediate asymptotics. I
aim to discuss the relation between dimensionless num-
ber and complex behaviors. The problem is dynamical
impact of solid sphere onto the mili-textured elastic sur-
face. The dynamical collision is abundant phenomena in
our daily life, and interesting for industry [10] and sports
[11, 12]. Since Hertz described the collisional dynamics
between two elastic bodies [13], the theory was devel-
oped as contact mechanics [14]. Recently the collision
dynamics between macro-textured and immersed sphere
is studied by Chastel et al. [15, 16]. Mili-textured sur-
face can be described by elastic-foundation model [17], of
which stress profile is simplified.
Chastel et al. have already obtained the scaling behav-
ior of dynamical impact of sphere onto the mili-textured
surface. However, I will show that this scaling behav-
ior is an intermediate asymptotic valid in a certain scale
range by applying the dimensional analysis. We will rec-
ognize the problem belongs to self-similar solution of sec-
ond kind. Finally I attempt to obtain the fundamental
dimensionless functions to describe the global power-law
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2behaviors of this problem by referring to the solution
obtained by energy conservation complementally. These
theoretical predictions are compared with experimental
results to verify the validity of the method.
EXPERIMENT
The experiments have been performed using
mili-textured surface made of polydimethylsiloxane
(PDMS)(kit SYLGARD 180, DOW CORNING) as the
elastic surface, of which elastic modulus E ' 1.6 MPa
(see Fig. 1). The periodic, striped-patterned pillars were
engraved on the surface, of which the height of pillar
h = 3.5 mm, a square base of side b = 2.5 mm, the
interdistance of channel c = 1.5 mm, and the fraction
of surface φ = b/(b + c) = 0.625. The metallic sphere
(BEARINGOPTION LTD, Steel balls) is suspended
by electromagnet (MECALECTRO, F91300 Massy,
N◦5,18,01) of which magnet force is controlled and
capable of dropping the sphere in arbitrary timing. The
collision impacts were recorded by high-speed camera
(Phantom V7.3). The collision velocity is varied by
changing the height of position from which the sphere
is dropped ( 1.5 ∼ 50 cm). The size of sphere R is
differed as 3.0, 4.0, 4.5, 5.0 and 7.0 mm, of which
density ρ = 7800 kg ·m−3. The collision experiments
were performed for 30 ∼ 40 times in each conditions,
changing the position of the elastic surface every 2.0 mm
by motorized actuator so as that the effect of peculiarity
between the pillars and sphere were normalized. The
information of velocity, deformation and so on was
extracted from the movies by image analysis.
THE SCALING RELATION: THE RESULT BY
CHASTEL ET AL.
Firstly, I show the scaling solutions of this problem
obtained by Chastel et al..
The collision of sphere falling in the velocity of v onto
the surface generating the deformation δ is sketched on
Fig. 2. Assuming Hertzian pressure, δ is described as
δ(r) = δ
[
1− (r/a)2
]
. According to the theory of Hertz,
the contact diameter a is important parameter, which
is obtained geometrically, a2 = R2 − (R− δ)2 ' 2Rδ.
Firstly, the kinetic energy of sphere is easily obtained as
Eki =
2
3
piR3ρv2. (1)
Following the procedure of Chastel et al. [15], as the
normal stress is σ(r) = Eδ(r)/h, the force of deformation
is F =
∫ a
0
φσ(r)2pirdr = piEφRδ2/h by eliminating a by
a2 = 2Rδ. Thus elastic energy is obtained as
Eel =
∫ δ
0
F (δ
′
)dδ
′
=
piEφδ3R
3h
. (2)
Motorized actuator
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FIG. 1: (Color online) Sketch of experimental set-up. The
solid sphere is suspended by electromagnet which is capable of
dropping the ball in arbitrary timing. The velocity of impact
can be adjusted by changing the height of the part in which
the sphere is suspended. The position of elastic surface made
of PDMS can be changed by motorized actuator.
Thus the conservation equation for kinetic energy and
elastic energy at instant t after the collision is described
as follows,
2
3
piR3ρv (t)
2
+
piEφRδ (t)
3
3h
=
2
3
piR3ρv2. (3)
The maximum penetration δ is reached when v (t) = 0,
then following relation is obtained,
δ
R
=
(
2
φ
) 1
3
(
h
R
) 1
3
(
ρv2
E
) 1
3
. (4)
Compression time τc, which is defined as the duration
time at which the sphere contacts with surface [20], is
obtained as follows,
τc = 2
δ
v
∫ 1
0
d(δ
′
/δ)√
1− (δ′/δ)3 =
2
3
B
(
1
3
,
1
2
)
δ
v
(5)
where B (x, y) is Beta function. Thus following equation
is obtained from Eq. 4,
τc
R
=
C0
φ
1
3
(
h
R
) 1
3 ( ρ
Ev
) 1
3
(6)
3where C0 = 2
3
√
2/3 ·B ( 13 , 12) ' 3.533.
These are the results by Chastel et al. However, next I
show these scaling relations are intermediate asymptotics
which are valid in a certain range.
�
� � h
��
FIG. 2: (Color online) The geometrical parameters involved
in the collision between elastic surface and solid sphere. De-
formation δ and diameter of contact a are generated by the
collision onto the elastic PDMS surface.
DIMENSIONAL ANALYSIS : SCALING
BETWEEN Π AND η
Based on the recipe of Barenblatt [18], firstly the func-
tion to study δ = f(a,R, ρ,E, v, h, φ) is proposed. As-
suming LMT unit, the dimensionless parameters are con-
structed. Here I selected R, ρ, v as the independent pa-
rameters, which is the parameters which cannot be rep-
resented as a product of the remained parameters. As
δ = L, R = L, a = L, ρ = M/L3, E = M/LT 2, v =
L/T, h = L, φ = 1, following dimensionless parameters
are obtained ,
Π =
δ
R
, ξ =
a
R
, η =
ρv2
E
, κ =
h
R
. (7)
Thus the function is transformed to Π = Φ(ξ, η, κ, φ)
where Φ is an arbitrary dimensionless function. Here let
us assume that the problem belongs to the self-similar
solutions of second kind [19] as follows,
Π = φγ1κγ2ηγ3Φ
(
ξζ1κζ2φζ3ηζ4
)
. (8)
Self-similar solutions of second kind are the dimensional
analysis solutions which are expressed by the products
of dimensionless parameters raised to the powers though
the power exponents of dimensionless parameters are not
obtained within dimensional analysis in principle. How-
ever, in our case, power exponents γ1 · · · γ3 can be de-
duced via Eq. 4. ζ1 · · · ζ4 are obtained by utilizing Eq. 4
and a2 = 2Rδ, then it is ξ ∼ φ−1/6κ1/6η1/6. Therefore
Eq. 8 leads to
Π =
(
κ
φ
) 1
3
η
1
3 Φ
[(
φ
κ
) 1
6
ξ/η
1
6
]
. (9)
Eq. 9 is the fundamental dimensionless function which
describes the dynamical impact of solid sphere on the
mili-textured surface. Supposing new parameters Ψ =
Πφ1/3κ−1/3η−1/3 and Ξ = ξφ1/6κ−1/6η−1/6, Eq. 9 is de-
scribed as Ψ = Φ(Ξ). See Ψ is function with dimension-
less parameter Ξ. It suggests that the scaling relation
derived from the result by Chastel et al. is confirmed as
far as Φ does not interfere. In this case following inter-
mediate asymptotic is obtained,
Π = const
(
κ
φ
) 1
3
η
1
3 (10)
which corresponds to Eq. 4. This condition holds true
in the case that Ξ is small enough to consider as Φ ∼
const. Here we have recognized that Ξ is an important
parameter dominating the power-law behavior.
Next let us move on to the case in which Ξ contributes
to the behavior. It is quite interesting to think what
kind of intermediate asymptotic is obtained in another
scale region. Eq. 9 was obtained by the dimensionless
parameters via the selection of independent parameters
as R, ρ, v. However, this choice is arbitrary. Barenblatt
suggested that the numerical estimation of dimensionless
parameters can help to choose. If the dimensionless pa-
rameters to consider is too small or large, these dimen-
sionless parameters can be considered to be negligible.
The choice of R, ρ, v is appropriate in the case in which
these three parameters play a dominant roll. However
the scale range in which Ξ contributes must have a large
enough to be considered as ξ = a/R increases Ξ. In this
case, a should be considered as a dominant parameter.
Now let us apply the dimensional analysis using an-
other selection of independent parameters as a, ρ, v. In
this case following dimensionless parameters are finally
obtained,
Π
′
=
δ
a
, ξ =
a
R
, η =
ρv2
E
, κ
′
=
h
a
. (11)
The difference from Eq.7 is that Π and κ are replaced by
Π
′
and κ
′
. Similarly assuming self-similarity of second
kind and using Eq. 4 and a2 ∼ Rδ, the following inter-
mediate asymptotic is obtained in another scale region,
Π
′
= const
(
ξκ
′
η
φ
) 1
6
(12)
where κ = ξκ
′
. Eq. 12 is another intermediate asymp-
totic in the case where a is comparatively large enough.
Following calculation will justify our interpretation. In
order to see the behavior of Eq. 9 in wider scale region
from small Ξ, series expansion of Φ in power of Ξ is ap-
4plied as follows,
Π =
(
κ
φ
) 1
3
η
1
3
{
A1 +A2 Ξ +A3 Ξ
2 + · · ·}
= A1
(
κ
φ
) 1
3
η
1
3 +A2 ξ
(
κ
φ
) 1
6
η
1
6 +A3 ξ
2 + · · ·(13)
where A1, A2, A3 are constant. Here let us focus on
the fact that two dimensionless parameters having differ-
ent power exponents appear in Eq. 13. Suppose fitting
Eq. 13 with arbitrary power equation of η as follows,
ην ∼ A1 φ−1/3κ1/3η1/3 +A2 ξφ−1/6κ1/6η1/6 +A3ξ2, the
power exponent ν is locally determined and varies in the
range 1/6 ≤ ν ≤ 1/3, depending on the contribution of
first term and second term in Eq. 13. This balance is
critically depends on parameter η and ξ. We can see
that in case of small η and large ξ, the power exponent
of second term 1/6 is dominant. On the other hand,
in case of large η with small ξ, first term is large and
dominant, then ν should be fitted with 1/3. This inter-
pretation corresponds to each intermediate asymptotics
Eq. 10 and Eq. 12 as small Ξ indicates the contribution
of second term is extremely small.
This is spontaneously understood as Ξ is given
by ratio of first and second terms as follows,
ξφ−1/6κ1/6η1/6/φ−1/3κ1/3η1/3 = ξφ1/6κ−1/6η−1/6 = Ξ.
In the end, series expansion of Φ(Ξ) gives two intermedi-
ate asymptotics which are obtained by different selection
of independent parameters and Ξ represents the ratio be-
tween two intermediate asymptotics.
DIMENSIONAL ANALYSIS : SCALING
BETWEEN τc AND v
Next let us apply the same way to construct the di-
mensionless function concerning on Eq. 5. The function
to study is τc = fτ (a,R, ρ,E, v, h, φ). Assuming the in-
dependent parameters as R, ρ, v, following dimensionless
parameters are to be prepared,
ω =
τcv
R
, ξ =
a
R
, η =
ρv2
E
, κ =
h
R
(14)
to obtain ω = Φτ (ξ, η, κ, φ). Here we assume the self-
similar solution of second kind, and we find the following
fundamental dimensionless function,
ω =
(
κ
φ
) 1
3
η
1
3 Φτ
[(
φ
κ
) 1
6
ξ/η
1
6
]
(15)
by referring to Eq. 5 and a2 = 2δR. Defining Ω =
ωφ1/3κ−1/3η−1/3, here we find the relation as Ω = Φτ (Ξ),
suggesting the dependence between Ω and Ξ. Eq. 15 gives
an intermediate asymptotic corresponding to Eq. 5 as far
as Ξ is uninfluential, then we have τc ∼ v−1/3. However,
in the scale range in which a starts to play a roll and Ξ is
large enough, another intermediate asymptotic appears,
ω = const ξ
(
κ
φ
) 1
6
η
1
6 (16)
which is obtained by the series expansion of Φτ as second
term, or corresponds to the solution obtained through the
dimensional analysis by the selection of the independent
parameters as a, ρ, v. In this case, scaling relation τc ∼
v−2/3 appears.
COMPARISON WITH EXPERIMENTAL
RESULTS
Now let us compare these theoretical results with ex-
perimental ones. Fig. 3(a) is the plots of Π and η in differ-
ent size of sphere. It is clearly found that the power law
behavior varies depending on the size of sphere. Largest
sphere R = 7.0 mm follows the 1/3 power-law behav-
ior, corresponding to Eq. 10. On the other hand, small-
est spheres R = 3.0 mm reveals different power-law be-
havior, following 1/6 power-law, which corresponds to
Eq. 12.
Fig. 3(b) is the plots of Ψ = Φ(Ξ) using experimen-
tal data. It is useful to see in which scale range each
plots belong to. We can see that plots of small sphere
(R = 3.0 mm) which follows 1/6 power-law are belong
to larger Ξ while the plots of high velocity decrease Ξ.
Contrarily it is found that large sphere (R = 7.0 mm)
belongs to smaller Ξ though plots of small velocity be-
long to comparatively larger Ξ, which reveals different
behavior. Meanwhile, we can find the groups of interme-
diate size of sphere (R = 4.0, 4.5, 5.0 mm), which belong
to Ξ = 1.1 ∼ 1.4, follow intermediate power-law behav-
iors. It can be considered as these plots belong to an
intermediate scale region in which two power exponents
are competing.
The different power-law behavior depending on size
of sphere can be seen in the plots of τc and v as well
(Fig. 4(a)). The dimensional analysis predicted two
power-law behaviors, τc ∼ v−1/3 at small Ξ and τc ∼
v−2/3 at large Ξ. The plots of largest sphere (R = 7 mm),
having small Ξ as it is shown in Fig. 4(b), follows -1/3
power-law behavior which corresponds to Eq. 6. The
plots of smallest sphere (R = 3 mm) reveals mixed be-
havior though the plots having smaller velocity, belong-
ing to large Ξ in Fig. 4(b), follow -2/3 power-law be-
havior. The plots of the intermediate size sphere follows
intermediate behavior.
Focusing on Ξ in detail, we can find that it consists
of φ, κ, ξ and η. φ and κ are dimensionless parame-
ters which belong to elastic surface, here we focus on
the others. η, which corresponds to Cauchy number
that is defined as the ratio of inertial force and elastic
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FIG. 3: (Color online) (a) Power-law relation between Π and
η, (b) plots of Ψ vs Ξ in different size of sphere, R = 3.0 mm
(•), 4.0 mm (N), 4.5 mm (×), 5.0 mm (), 7.0 mm ()
where Π = δ/R, η = ρv2/E, Ψ = Πφ1/3κ−1/3η−1/3 and
Ξ = ξφ1/6κ−1/6η−1/6. The two dashed lines indicate the slope
of 1/6 and 1/3.
force in fluid mechanics, plays a dominant roll on the im-
pact. This parameter reflects the degree of contribution
derived from elasticity and inertia. Therefore I would
like to call the impact following 1/6 power-law elasticity-
dominant impact, and the one following 1/3 power-law
inertia-dominant impact [21].
Not only η but also ξ is a key parameter. The second
term of Eq. 13, which corresponds to the intermediate
asymptotic of elasticity-dominant impact, is multiplied
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FIG. 4: (Color online) (a) Power-law relation between τc and
v, (b) plots of Ω vs Ξ in different size of sphere, R = 3.0 mm
(•), 4.0 mm (N), 4.5 mm (×), 5.0 mm (), 7.0 mm () where
Ω = ωφ1/3κ−1/3η−1/3 and Ξ = ξφ1/6κ−1/6η−1/6. The two
dashed lines indicate the slope of -2/3 and -1/3.
by ξ, indicating that the contribution of second term is
critically weakened by small ξ. ξ measures the relative
degree of subsidence into the surface. Smaller sphere sub-
sides relatively deeper than larger one (Fig. 5), which is
the reason why small sphere (R = 3.0 mm) follows 1/6
power-behavior. In the end, these physical interpreta-
tion of Ξ corresponds to the analytical interpretation of
Eq. 13, which proving the validity of the application of
dimensional analysis.
In other reports of contact mechanics, the property
6����
FIG. 5: (Color online) Comparison of wall/sphere contact
generating geometrical dimensionless parameter ξ = a/R in
smaller (left) and larger value (right).
of deformation is changed from elastic contact to plas-
tic contact giving different power-laws, depending on the
scale of interference [22]. The high speed impact gen-
erates the plastic deformation depending on the dimen-
sional parameters [23]. The present work discovered an-
other scale-dependent phenomenon of contact mechan-
ics. The scale-dependence of power-law behavior is occa-
sionally observed in self-similarity of second kind [24, 25]
while the dependence is sometimes semiempirical [26].
This work clearly identified the dependence of dimen-
sionless parameter as the competition between two power
exponents.
CONCLUSION
In conclusion, the above discussion with experimental
results confirm the validity of Eq. 9 and Eq. 15 as the fun-
damental dimensionless functions of this problem. Eq. 9
and Eq. 15 include the information of global scaling be-
haviors, which give two intermediate asymptotics locally,
depending on Ξ. This scale-locality was quite important
to understand this phenomenon as even the power-law
behavior depended on the scale.
The present work is unique on the point that the in-
termediate scale range in which two physical properties
incorporated is focused and the crossover of power-law
behaviors are explained as the result of competition be-
tween two intermediate asymptotics representing each
different physical properties. Generally, the cases in
which the uniformity of physical property can be assumed
are tend to be concentrated while the intermediate re-
gion are avoided. However, this work coped with this
intermediate region, and that the crossover of power-
law behavior was confirmed with experimental results.
Furthermore, the two different method were combined
complementally in this work: dimensional analysis and
the solution obtained by the equation of kinetic energy
and elastic energy. Generally latter solution is consid-
ered to be enough but the scale dependence would not
have been recognized without dimensional analysis. This
suggests that this combinated dimensional analysis with
the concept of intermediate asymptotic is quite effective
to analyze the mesoscale phenomena incorporating two
or more physical properties, revealing different behaviors
depending on the scale.
In this work, self-similarity of second kind is un-
derstood as the competition between two intermediate
asymptotics. This is also quite interesting insight for the
concept of self-similarity in general.
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